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Motivation

Why do we need to think about spatial dependence in the Regression Discontinuity
(RD) framework?
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Motivation

Why do we need to think about cross-sectional dependence in the Regression
Discontinuity (RD) framework?

I We know that parameters are biased and/or inefficient in the face of
cross-sectional dependence (Anselin, 1988; LeSage and Pace, 2009; Pace et al.,
2011).

I Common fixes (e.g. spatial fixed effects and/or clustered standard errors) often
exacerbate model misspecification issues (Anselin and Arribas-Bel, 2013).

I Since RD – in many cases – forces sub-samples within a bandwidth the adjacency
or weight matrix may not remain invertible.
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Why do we need to think about cross-sectional dependence in the Regression
Discontinuity (RD) framework?

I We know that parameters are biased and/or inefficient in the face of
cross-sectional dependence (Anselin, 1988; LeSage and Pace, 2009; Pace et al.,
2011).

I Common fixes (e.g. spatial fixed effects and/or clustered standard errors) often
exacerbate model misspecification issues (Anselin and Arribas-Bel, 2013).

I Since RD – in many cases – forces sub-samples within a bandwidth the adjacency
or weight matrix will not remain invertible.

“...accounting for such cross-sectional interactions in a quasi-experimental framework
is challenging and an interesting topic for future research.” (Hidano et. al., 2015)
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A Preview of the Results

1. Using a combination of Bayesian sampling, residualization, and numeric
integration we show how to recover parameters of interest which are subject to
cross-sectional dependence in a quasi-experimental framework.

2. The resulting generalized RD framework provides improvements in estimation as
measured by Bias and MSE at all levels of cross-sectional dependence (including
zero).

3. We replicate Lee (2008) and examine close U.S. House of Representative elections
showing the process has a high degree of spatial autocorrelation (ρ = .405), and
that the effect estimates – when accounting for spatial dependence – are much
larger than previous research indicates.
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Regression Discontinuity

I Exploits deterministic relationship between a
continuous running variable, Z , and a
dichotomous treatment, Q.

I Treatment is of the form:

qi =

{
1 zi ≥ Z0

0 zi < Z0

where Z0 is a sharp cutoff for treatment.

I Leads to LL estimation via:

Ȳ = γ̄ + ζ̄(Z̄ − Z0) + ε̄, ε̄ ∼ N(0, σ̄2)

¯
Y =

¯
γ +

¯
ζ(

¯
Z − Z0) +

¯
ε,

¯
ε ∼ N(0,

¯
σ2)

X

QZ Y
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Durbin Models

Durbin Model:

Y = ρWY + Xβ + WXΦ + ε

I W is an exogenously defined N × N matrix which represents the connectivity
structure for the sample, wij = 1 if i is connected to j and zero otherwise.

I If wij = wji ∀ j , i then the matrix is considered undirected, otherwise it is directed.

I Important Assumption: Everyone has at least one connection making W full rank
and invertible.

I There is significant number of ways to construct W (e.g. Distance, Rook
Contiguity, Queen Contiguity, KNN, etc.)

I ρ is a parameter which represents the strength of network dependence and is
bound between [ψ−1

min, 1]
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Durbin RD Model Overview

Estimate
SDM

Filter ε̂

Calculate
Bandwidth

Estimate (̄·)

Estimate (
¯
·) γ = γ̄ −

¯
γ

Estimate
conditional

upon γ
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Durbin RD Model

Estimate
SDM

Filter ε̂

Calculate
Bandwidth

Residualize the outcome.

ε = Y − (I − ρ(1)‘W )−1(XwB(1))

Xw = [X WX ]

B = [β′ Φ′]′

Filter the residuals.

ε̃(1) = (I − ρ(1)W )(Y − (I − ρ(1)W )−1XwB(1))

Calculate the Bandwidth
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Durbin RD Model

Calculate
Bandwidth

Estimate (̄·)

Estimate (
¯
·) γ = γ̄ −

¯
γ

¯̃ε(1) = γ̄(1) + ζ̄(1)(Z̄(1) − Z0) + τ̄(1)

˜
¯
ε(1) =

¯
γ(1) +

¯
ζ(1)(

¯
Z(1) − Z0) +

¯
τ(1)

At the end, since the conditional
distributions of γ̄ and

¯
γ are Gaussian,

the distribution of γ is also Gaussian.

p(γ|·) ∼ (µ,σ2)

µ = E[γ̄]− E[
¯
γ]

σ2 = σ2
γ̄ + σ2

¯
γ − 2COV(γ̄,

¯
γ)
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Durbin RD Model

γ = γ̄ −
¯
γ

Estimate
conditional

upon γ

I Conditional upon γ estimate the remaining
parameters in an SDM model.

Y = ρWY + XwB + γQ + ε

I By incorporating this into a Bayesian
sampler we numerically integrate out both
the spatial dependence and the choice of
bandwidth from the estimation of the
LATE.
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Interpretation

Y = (IN − ρW )−1(XwB + γQ + ε)

Partial derivative of standard RD estimate:

δy/δq = LATE = n−1tr(Iγ).

Partial derivative of our proposed model:

δy/δq = Sγ = (I − ρW )−1(Iγ).

Use the total, direct, and indirect scalar summaries as outlined earlier.

Total = n−1ι′n
(
Sγ(W )ιn

)
Direct = n−1tr(Sγ(W ))

Indirect = n−1ι′n
(
Sγ(W )ιn

)
− n−1tr(Sγ(W ))

13 / 33



Monte Carlo Setup

Data is generated from:

Y = (I − ρW )−1(Xβ + Qγ + ε), ε ∼ N(0, σ2).

I N = 1, 500

I ρ is partitioned over the interval (−0.90, 0.90).

I 1, 008 iterations at each step of ρ.

I K = 4, β1, . . . , βK = 1.

I σ2 is set such that the signal-to noise ratio is ≈ 0.75.

I R ∼ N(70, 16), Z0 = 73.

I For each iteration we estimate γ using LL methods outlined by CCT
(Conventional), CCT (Robust), IK(Conventional), and our method.
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Monte Carlo Study: An Example

Data is generated from:

Y = (I − ρW )−1(Xβ + Qγ + ε), ε ∼ N(0, σ2).

I X ,R,Q,W are all fixed through
simulations.

I σ2 changes for SNR.

I New error term is drawn for each
iteration, only Y and ρ change
through out the full simulation(s).

I Figure to the right is one generated
data set ρ = 0.90.
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A Full Accounting of Bias/MSE

Conventional (IK), Conventional (CCT),Robust (CCT),
Chibb & Greenberg (CG), Proposed
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Total Effects

Conventional (IK), Conventional (CCT),Robust (CCT),
Chibb & Greenberg (CG), Proposed
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Direct Effects

Conventional (IK), Conventional (CCT),Robust (CCT),
Chibb & Greenberg (CG), Proposed
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Indirect Effects

Reminder: For all other estimators the indirect effects are zero by construction.
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A Full Accounting of Bias/MSE: Parameter vs. Direct Effects

Conventional (IK), Conventional (CCT),Robust (CCT),
Chibb & Greenberg (CG), Proposed
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Empirical Example

I Now canonical example of close elections in the U.S. House of Representatives
(Lee, 2008; Broockman, 2009; Butler, 2009; Caughey and Sekhon, 2011; Cho et
al., 2012; Calonico et al., 2014).

I Interested in how close wins (Democrat) in time t affect vote share in time t + 1.

I Dependent variable is vote share (DPctNxt) in time t + 1.

I Running variable is margin of victory (DifDPct) in time t.

I We are going to residualize on district level characteristics (e.g. Democrat
Secretary of State, percentage of government workers, etc.)

I Weight matrix is constructed with latitude and longitude of district using a queen
contiguity design.
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Summary Statistics

Table: Descriptive Statistics: U.S. House Election Results

Variable Mean Std. Dev. Minimum Maximum

DPctNxt 56.43 24.01 0.00 100.00
DifDPct 14.66 47.09 -100.00 100.00
SoSDem 0.63 0.48 0.00 1.00
DifPVDec -0.01 0.26 -0.87 0.91
GovWkPct 4.97 2.55 0.04 19.63
UrbanPct 65.72 26.59 0.00 100.00
BlackPct 10.70 14.09 0.02 92.07
ForgnPct 5.31 6.47 0.00 58.52

N 7,949
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Spatial Dependence?

I Moran’s I indicates strong evidence
against the null of no spatial
dependence (51.99).

I Nesting of SDM and OLS lets us look
at residuals.

I Anecdotal evidence that the process is
spatial comes from RD plots.
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Spatial Dependence?
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Spatial Dependence?
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What do the results look like when you use the proposed method?

Conventional (IK), Conventional (CCT),Robust (CCT),
Chibb & Greenberg (CG), Proposed (ρ = 0.405)
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California 1980
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Thank you!

Thank you!
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Proposed Sampler

1. Establish parameters on prior distributions, arbitrary starting values for each
parameter, and number of iterations with suitable burn-in period.

2. Sample from p(B|σ2
(0), ρ(0)) ∼ N(DBdb, σ

2
(0)Db)

3. Sample from p(σ2|ρ(0),B(1)) ∼ IG (a, c)

4. Sample from

p(ρ|B(1), σ
2
(1)) ∝ |I − ρ(1)W |

× exp

(
1

2σ2
(1)

(AY − XwB(1))′(AY − XwB(1))

)
(1)

using “Griddy Gibbs” or M-H.

5. Create vector of filtered residuals via
ε̃(1) = (I − ρ(1)W )(Y − (I − ρ(1)W )−1XwB(1)) and calculate bandwidth (IK).
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Proposed Sampler

6. Sample from p
(
γ̄|ν̄, ¯̃ε, (Z̄ − Z0)

)
∼ N(D̄γ̄ d̄γ̄ , ν̄D̄γ̄)

7. Sample from p
(
¯
γ|

¯
ν,

¯
ε̃, (

¯
Z − Z0)

)
∼ N(

¯
D

¯
γ
¯
d

¯
γ ,

¯
ν

¯
D

¯
γ)

8. Sample from p
(
ν̄|γ̄(1), ¯̃ε(1), (Z̄ − Z0)

)
∼ IG (ā, c̄)

9. Sample from p
(
¯
ν|

¯
γ

(1)
,
¯
ε̃(1), (

¯
Z − Z0)

)
∼ IG (

¯
a,

¯
c)

10. Sample from p
(
B|σ̃2

(0), ρ̃, γ(1) = (γ̄(1) −
¯
γ(1))

)
∼ N(D̃B d̃B , σ̃

2D̃B)

11. Sample from p
(
σ̃2|ρ̃, γ(1) = (γ̄(1) −

¯
γ(1)

)
,B(1)) ∼ IG (ã, c̃)

12. Sample from

p
(
ρ̃|γ(1) = (γ̄(1) −

¯
γ(1)

)
,B(1), σ̃

2
(1)

)
∝ |I − ρ̃W |

× exp

(
1

2σ̃2
(1)

(AY − X̄B(1) − γ(1)Q)′(AY − X̄B(1) − γ(1)Q)

)
using “Griddy Gibbs” or M-H.

13. Return to 2. until M number of draws is complete where M is a suitable post
burn-in value.
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Comparison of Parameter Estimates: A Selected Look

IK CCTc CCTr CG Proposed

ρ = 0.00

Bias -0.17 -0.05 -0.04 -0.05 -0.03
SE/SD 0.19 0.20 0.23 0.24 0.25
MSE 0.06 0.04 0.06 0.05 0.03
BW 3.41 2.33 2.33 - 3.15

ρ = 0.50

Bias -0.17 -0.08 -0.13 -0.09 -0.03
SE/SD 0.21 0.26 0.31 0.30 0.25
MSE 0.06 0.08 0.07 0.07 0.03
BW 3.46 2.10 2.10 - 3.17

ρ = −0.50

Bias 0.03 0.14 0.18 0.15 -0.04
SE/SD 0.21 0.24 0.28 0.28 0.25
MSE 0.03 0.08 0.11 0.08 0.03
BW 3.52 2.22 2.22 - 3.13
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Empirical Results: Table
Method Mean SE/SD L95 U95 LBW RBW

Conventional (IK) 7.873 1.090 5.736 10.010 29.920 29.920
Conventional (CCT) 7.402 1.757 3.958 10.847 18.962 18.962
Robust (CCT) 7.177 2.112 3.038 11.317 18.962 18.962
Bayes (CG) 7.857 1.426 5.083 10.634

Proposed (IK) 8.916 1.416 6.169 11.717 26.525 26.525
ρ 0.405 0.014 0.378 0.431
Total 14.985 2.379 10.368 19.693
Direct 9.220 1.464 6.380 12.117
Indirect 5.765 0.915 3.989 7.576

Proposed (CCT) 9.109 1.383 6.398 11.824 18.287 18.287
ρ 0.403 0.014 0.375 0.430
Total 15.413 2.341 10.826 20.006
Direct 9.427 1.432 6.622 12.370
Indirect 5.985 0.909 4.204 7.769

Proposed (AI) 9.088 1.322 6.437 11.671 18.436 32.048
ρ 0.403 0.014 0.377 0.430
Total 14.826 2.157 10.501 19.039
Direct 9.368 1.363 6.635 12.030
Indirect 5.458 0.794 3.866 7.009

For the proposed estimation procedure an average of 3, 472 (63.26) observations were used to calculate the treatment parameter when IK
bandwidths were employed. For the proposed method using CCT and AI bandwidths this number is 2, 436 (10.76) and 3, 250 (264.27) respectively.
As a reminder, the full sample size is 7, 949.
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